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ABSTRACT
One-dimensional sigma-models with N supersymmetries are considered. For
conventional supersymmetries there must be N −1 complex structures satisfying a
Clifford algebra and the constraints on the target space geometry can be formulated
in terms of these. In the cases in which the complex structures are simultaneously
integrable, a conventional extended superspace formulation is given, with the ge-
ometry determined by a 2-form potential for N = 2, by a 1-form potential for
N = 3 and a scalar potential for N = 4; for N > 4 it is given by a scalar potential
satisfying differential constraints. This gives explicit constructions of models with
N = 3 but not N = 4 supersymmetry and of N = 4 models in which the complex
structures do not satisfy a quaternionic algebra. Generalisations with central terms
in the superalgebra are also considered.
1. Sigma Models and Supersymmetry
The conditions for supersymmetry in one-dimensional sigma-models were given
by Coles and Papadopoulos [1] and further studied in [2-6]. The analysis is similar
to that of two-dimensional sigma-models, for which there is a rich relation between
target space geometry and the amount of supersymmetry. The geometries of the
two dimensional supersymmetric models were first classified in [7] and have been
studied extensively [7-21]. Remarkably, the conditions in one dimension are con-
siderably weaker, giving a much wider range of geometries. The one-dimensional
models have many applications. The moduli spaces for supersymmetric black holes
are the target spaces of certain d = 1 supersymmetric sigma-models and the sigma-
model describes the geodesic motion in the moduli space [2,5]. Supersymmetric
quantum mechanics also arises in the light cone quantization of supersymmetric
field theories [6]. The aim here is to study further the geometries of one-dimensional
supersymmetric sigma-models and to give explicit constructions of certain classes
of models.
The standard supersymmetry algebra in one dimension is
{QI , QJ} = 2δIJH (1.1)
where {QI ; I = 1, . . . , N} are the supersymmetry charges and H is the Hamilto-
nian. There are some generalisations, such as the twisted superalgebra
{QI , QJ} = 2ηIJH (1.2)
for some metric ηIJ or arbitrary signature [19,20], or the addition of extra terms
{QI , QJ} = 2ηIJH + ZIJ (1.3)
The extra generators ZIJ are central in some cases, and in others their commutators
with Q,H,Z lead to further generators and a larger algebra. The general algebra
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can be written as
{QI , QJ} = XIJ (1.4)
and H and ZIJ can then be defined by the trace and trace-free parts of XIJ with
respect to some metric ηIJ . In some cases it is more natural to consider (1.4)
rather than to split X into H and Z. We will consider models in which each of
these algebras arise.
The plan of the paper is as follows. In sections 2,3 and 4, sigma-models with
N = 1, N = 2 and N = 4 supersymmetries are discussed, reviewing the results of
[1,2,5] and presenting extended superspace formulations which give simple deriva-
tions of some of the results of [5]. For conventional supersymmetry, there must be
N −1 complex structures satisfying certain conditions. The general N = 2 geome-
try is specified by a 2-form potential (considered further in section 6). Generalisa-
tions are discussed in which superalgebras such as (1.3) or (1.4) arise, extending the
results of [3,4] to geometries with torsion, allowing the realisation of N = 2 super-
symmetry on almost complex manifolds, or on manifolds with no almost complex
structure (and so of arbitrary dimension and signature) which admit generalised
Yano-Killing tensors. In section 5, new models with N = 3 supersymmetry but not
N = 4 supersymmetry are found, which have three (almost) complex structures
but only two of which lead to extra supersymmetries. In the case in which the
three complex structures are simultaneously integrable, the geometry is given in
terms of a 1-form potential, giving the local construction of all such models. In
section 6, the conditions for N extended supersymmetry for general N are dis-
cussed, requiring the target space to be a manifold with a Clifford structures (a
set of N − 1 complex structures satisfying a Clifford algebra) and to have a geom-
etry which we refer to as Clifford Ka¨hler with Torsion (CKT), in analogy with the
nomenclature suggested in [12] of Ka¨hler with Torsion (KT) for the geometry of
(2,0) sigma-models [9] and Hyper-Ka¨hler with Torsion (HKT) for the geometry of
the (4,0) sigma-models first found in [7]. The case of N = 4 is considered in section
7. In the special case in which the three complex structures satisfy the algebra of
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unit imaginary quaternions, the geometry was shown in [5] and in section 4 to be
weak HKT. In the general case (in which the complex structures do not necessarily
satisfy the quaternion algebra), the geometry for the case in which the complex
structures are simultaneously integrable is shown to be given locally in terms of a
scalar potential by an expression that reduces to the expression of section 4 and [5]
for the quaternionic case. For N > 4, the geometry cannot be weak HKT, and the
scalar potential must satisfy certain differential constraints; non-trivial examples
of such geometries are known for N = 8 [2]. Under certain conditions similar to
those derived in [5], these models can have OSp(N/1) superconformal symmetry.
2. N=1 one-dimensional supersymmetry
The simplest form of N=1 supersymmetric sigma model of [1] is defined on a
D-dimensional manifold M with metric g and a 3-form c (which is not closed in
general) and has an N = 1 superspace action
I = −1
2
∫
dtdθ
(
igijDX
i d
dt
Xj +
1
3!
cijkDX
iDXjDXk
)
(2.1)
where
D2 = i
d
dt
, (2.2)
t is the worldline parameter, θ is a real fermionic variable and X i(t, θ) is an un-
constrained real superfield, which gives a map from superspace to M, with X i
real coordinates on M. The generalisation considered in [1] in which fermionic
superfields are added will not be considered here.
Expanding the superfield X i gives the component fields
X i = X i| λi = DX i| , (2.3)
consisting of D scalar fields X i and D real fermionic fields λi. The component
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action is
I =
1
2
∫
dt
(
gij
d
dt
X i
d
dt
Xj + igijλ
i∇(+)t λj −
1
3!
∂[icjkl]λ
iλjλkλl
)
(2.4)
The covariant derivative ∇(+)t is the pull back of the target space covariant deriva-
tive with torsion c
∇(+) = ∇ + 1
2
c (2.5)
where
Γ(+)ijk = Γ
i
jk +
1
2
cijk , (2.6)
and Γ is the Levi-Civita connection of the metric g. If c is closed then this action
can be obtained by dimensionally reducing the action [9] of (1,0) supersymmetric
two-dimensional sigma models.
3. N=2 one-dimensional supersymmetry
3.1. Complex Geometry and Supersymmetry
There are two basic kinds of N = 2 models in 1 dimension. The N = 2a models
are constructed from unconstrained real N = 2superfields while the N = 2b models
use complex chiral superfields. The dimensional reduction of (1,1) supersymmetric
two dimensional sigma-models gives N = 2a models while the reduction of (2,0)
supersymmetric two dimensional sigma-models gives N = 2b models. Both have
been constructed in [1,2]. Here we shall consider only the N=2b models and the
special cases in which they have extra supersymmetry (such as the N=4b and
N=8b models of [2]) and we shall begin by reviewing the results of [1,2].
To determine the conditions on the couplings of the action (2.1) required by
N=2 supersymmetry, we follow [8] and express the second supersymmetry trans-
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formation in terms of the N=1 superfield X as
δX i = η I ijDX
j , (3.1)
where η is the parameter of the transformation. The N = 2 superalgebra will be
satisfied if I satisfies
I2 = − (3.2)
and
N kij(I) = 0, (3.3)
where N (I) is the Nijenhuis tensor of I, defined by
N kij(I) ≡ I liIk[j,l] − I ljIk [i,l] (3.4)
The condition (3.2) implies that I is an almost complex structure, requiring that
the target space dimension be even, and (3.3) implies that the almost complex
structure is integrable, and so is a complex structure.
It was shown in [1,2] that the action (2.1) is invariant under this transformation
provided that
gkℓI
k
iI
ℓ
j = gij
∇(+)
(i
Ikj) = 0
∂[i
(
Imjc|m|kl]
)− 2Im[i∂[mcjkl]] = 0 .
(3.5)
An alternative derivation was given in [4]. The first condition is that the metric
g is hermitian with respect to the complex structure I. The last condition was
written in [2] as
ιIdc− 2
3
dιIc = 0 (3.6)
where ιI is the inner derivation with respect to the the complex structure I. This
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acts on an n-form ω as
ιI : ω =
1
n!
ωi1...indX
i1 ∧ dX i2 ... ∧ dX in → (ιIω),
(ιIω) =
1
(n− 1)!ωj[i2...in−1I
j
i1]dX
i1 ∧ dX i2... ∧ dX in
(3.7)
If the metric is hermitian, c is closed and the complex structure is covariantly
constant with respect to the ∇(+) connection,
∇(+)i Ijk = 0 , (3.8)
then these conditions are all satisfied and the model can be obtained by dimensional
reduction of a (2,0) supersymmetric sigma model in two dimensions. However,
these conditions are much stronger than (3.5), so that there are many geometries
that allow d = 1, N = 2b models but not (2,0) d = 2 models.
The complex structure enables us to introduce complex coordinates Z, so that
X i = (Zα, Z¯ β¯) (α, β¯ = 1, ..., D/2) and the complex structure is constant
I ij =
(
iδαβ 0
0 −iδα¯β¯
)
(3.9)
and the line element for the hermitian metric is ds2 = 2gαβ¯dZ
αdZ¯ β¯.
3.2. Generalised Symmetries
For (3.1) to be a symmetry, it is sufficient for (3.5) to be satisfied. If (3.5) is
satisfied but (3.2),(3.3) are not, then the symmetry algebra will not be the usual
supersymmetry algebra (1.1). For example, if I2 = +1 and (3.3) holds, then I is a
real structure and the algebra is a twisted superalgebra (1.2) of the type studied
in [19,20]. If I is an almost complex structure satisfying (3.2) but not (3.3), then
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the commutator of two transformations of the form (3.1) gives the new symmetry
δX i = ρN ijkDXjDXk (3.10)
with bosonic parameter ρ. The superalgebra is then of the form (1.3) with Z22 the
charge generating this new symmetry. This is a central charge commuting with
Q,H and so the supersymmetry algebra closes without further generators, by an
argument similar to that given for two-dimensional sigma models in [15- 18].
In the general case in which (3.5) is satisfied but (3.2),(3.3) are not, the super-
algebra is of the form (1.4) with X11 = H,X12 = 0, but X22 generates the bosonic
symmetry
δX i = ρ(2iRij∂tX
i +N ijkDXjDXk) (3.11)
where
Rij = (I
2)ij (3.12)
If the trace (I2)ii is non-zero, it can be set to one by scaling I, in which case
the algebra takes the form (1.3) with Z11 = H,Z12 = 0, but Z22 generating the
symmetry (3.11) with Rij = (I
2 −  )ij . Such symmetries have been considered in
[3,4].
3.3. The Torsion-Free Case
If the torsion c vanishes, then the second condition in (3.5) becomes the con-
dition
∇(iIkj) = 0 (3.13)
implying that Iij is a Yano Killing-tensor, as was pointed out in the context of one-
dimensional supersymmetric sigma models in [3]. For an almost complex structure
satisfying (3.13), the hermiticity condition in (3.5) together with (3.2) implies that
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(M, g, I) is an almost Tachibana space [22]. The condition (3.13) implies that the
Nijenhuis tensor can be written as
N kij = −Ikl∇iI lj (3.14)
Then if in addition I is a complex structure with N (I) = 0, (3.14) implies that the
complex structure must be covariantly constant, ∇I = 0, and the space must be
Ka¨hler. (An almost Tachibana space with vanishing Nijenhuis tensor is also called
a Tachibana space, but this is the equivalent to the Ka¨hler condition.)
If I is not an almost complex structure, but is a general Yano Killing-tensor,
then the tensor Rij = (I
2)ij is a Stackel-Killing tensor and the symmetry algebra
is of the form (1.4) with X22 generating the symmetry (3.11). This is the case
analysed in [3], where a number of examples were considered. Models with N = 2
supersymmetry of this type can arise for odd dimensional target spaces as well as
for even dimensional ones, and for Lorentzian signature target spaces, such as the
Kerr-Newman black hole [3]. It would be interesting to investigate whether there
are BPS states associated with the central charge Z22.
3.4. N=2 Superspace Action
The N = 2b one-dimensional supersymmetric model can be written in N = 2
superspace with coordinates t, θ0, θ1 and supercovariant derivatives D0, D1 satis-
fying
D20 = i
d
dt
, D21 = i
d
dt
, D0D1 +D1D1 = 0 . (3.15)
It is useful to define D = D0 + iD1, θ = θ0 + iθ1 so that
D2 = 0, {D, D¯} = 2i d
dt
, (3.16)
and introduce chiral superfields Zα and their complex conjugates Z¯α¯ satisfying
D¯Zα = 0 (3.17)
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The most general superspace action is given by
I =
1
4
∫
dt d2θ
(
iGαβ¯DZαD¯Z¯ β¯ +
1
2
BαβDZαDZβ + 1
2
B¯α¯β¯D¯Z¯α¯D¯Z¯ β¯
)
, (3.18)
for some Gαβ¯ , Bαβ, with B¯α¯β¯ = (Bαβ)
∗, plus a chiral superpotential term
S =
∫
dt dθW (Z) +
∫
dt dθ¯ W¯ (Z¯) (3.19)
for some holomorphic function W . The action is invariant under
Bαβ → Bαβ + ∂[αλβ] (3.20)
and so only depends on the holomorphic field strength
eαβγ = 3∂[αBβγ] (3.21)
Dimensional reduction of the superspace action [14] for the (2,0) model in two
dimensions [9] gives an action of the form
I =
i
2
∫
dt d2θ
(
kα∂tZ
α − k¯α¯∂tZ¯α¯
)
, (3.22)
where kα is the potential introduced in [9], but this can be rewritten using
(3.16),(3.17) as
I =
1
4
∫
dt d2θ
(
kα,β¯ + kβ¯,α
)DZαD¯Z¯ β¯ , (3.23)
which is of the same form as the Gαβ¯ term in (3.18), and so terms of the form
(3.22) are already included, and (3.18) is indeed the most general action.
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The N = 2 superfields Zα give the N = 1 superfields (D ≡ D0)
Zα = Zα|θ1=0 DZα = D0Zα =
1
2
DZα|θ1=0 (3.24)
Then the θ1 integral in (3.18) can be performed (see appendix for details) to give
the N = 1 superspace action (2.1), with
gαβ = 0, gαβ¯ = Gαβ¯ (3.25)
and
cαβγ¯ = 2(gαγ¯,β − gβγ¯,α), cαβγ = 12i∂[αBβγ] (3.26)
together with the complex conjugate equations. Thus the geometry is completely
specified in terms of (i) a hermitian metric gαβ¯ and (ii) a (3,0) form e satisfying
∂e = 0, so that it can be expressed locally as e = ∂B for some (2,0) form potential
B. Then, in terms of the holomorphic exterior derivative ∂ with d = ∂ + ∂¯,
c = i(∂ − ∂¯)ω + 4i(e− e¯) (3.27)
where ω(I) is the fundamental form constructed from I:
ω(I) =
1
2
IijdX
i ∧ dXj = igαβ¯dzα ∧ dz¯β¯ (3.28)
If e = 0, then for a given hermitian metric, c = i(∂ − ∂¯)ω is the unique torsion
3-form such that the complex structure is covariantly constant,
∇(+)i Ijk = 0 (3.29)
In the case in which I is an almost complex structure, the unique torsion three-form
for which the complex structure is covariantly constant, (3.29), is
cijk = 4Nijk + I[mn,p]I
m
iI
n
jI
k
p (3.30)
Examples of d = 1, N = 2 supersymmetric models on almost complex manifolds
with c given by (3.30) arise from the dimensional reduction of the models of [15-
18].
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4. N=4 one-dimensional supersymmetry
4.1. Conditions for N = 4 Supersymmetry
One-dimensional N=4b supersymmetric sigma models arise from the dimen-
sional reduction of the two-dimensional (4,0) supersymmetric sigma-model. The
geometry of these D = 2 models was first found in [7], and the name hyper-Ka¨hler
with torsion (HKT) has been proposed for this geometry [12]. The geometry asso-
ciated with the N=4b model in 1 dimension is not necessarily HKT, but satisfies
weaker conditions [1,2]. The extended supersymmetry transformations can be writ-
ten in terms of N=1 superfields as [8]
δX i = ηrIr
i
jDX
j (4.1)
where {ηr; r = 1, 2, 3} are the supersymmetry parameters and {Ir; r = 1, 2, 3} are
tensors onM. The conditions from the closure of the N=4 supersymmetry algebra
are [1]
IrIs + IsIr = −2δrs 
N (Ir, Is) = 0
(4.2)
where N (Ir, Is) is the Nijenhuis tensor for the pair (Ir, Is), so that the Ir are three
complex structures that anti-commute with one another. The conditions for the
invariance of the action are [1,2]
gkℓIr
k
iIr
ℓ
j = gij
∇(+)(i Irkj) = 0
ιrdc− 2
3
dιrc = 0 ,
(4.3)
where ιr denotes inner derivation with respect to the complex structure Ir [2]. The
metric is hermitian with respect to all complex structures.
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A weak HKT manifold is a Riemannian manifold {M, g, c} equipped with a
metric g, a three-form c and three complex structures {Ir; r = 1, 2, 3} satisfying
the algebra of imaginary unit quaternions
IrIs = −δrs + ǫrstIt , (4.4)
such that the metric is hermitian with respect to all complex structures and the
complex structures are each covariantly constant with respect to the∇(+) covariant
derivative
∇(+)k Irij = 0 . (4.5)
If in addition the three-form c is closed, then M has a strong HKT structure.
The target space of two-dimensional (4,0)-supersymmetric sigma models has a
strong HKT structure [7] while any weak HKT manifold solves all the conditions
required by N=4b one-dimensional supersymmetry [2]. It was argued in [5] that
the conditions for N=4b one-dimensional supersymmetry with (4.4) are equivalent
to the ones for weak HKT geometry, but in [2] examples are given of models
admitting N=4b supersymmetry (and in fact N=8b supersymmetry) but which are
not weak HKT. We will now investigate further the general solution of the N=4b
supersymmetry conditions, using superspace constructions, and aim to clarify the
relation between weak HKT geometries and the N = 4 supersymmetry conditions.
4.2. N=2 Superspace Formulation
Suppose the complex structures satisfy the quaternion algebra (4.4). One of
the extra supersymmetries, that parameterised by η3, say, can be made manifest by
using an N = 2 superspace formulation with chiral superfields, so that the action
is of the form (3.18). The remaining two supersymmetry transformations can be
written as
δZα = ηJαβ¯D¯Z¯ β¯ (4.6)
together with the complex conjugate relation, where J = 12(I1 − iI2) and η =
η1 + iη2. This is consistent with the chirality constraint DZ = 0 provided Ir are
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complex structures and
Jα[β¯,γ¯] = 0 (4.7)
which is the condition that the Nijenhuis tensor N (Ir, I3) = 0 for r = 1, 2. This
then implies that the remaining Nijenhuis tensors also vanish [5,24]. The condition
(4.7) implies that locally there is some fα such that (4.6) can be written as
δZα = ηD¯fα (4.8)
with
Jαβ¯ = ∂β¯f
α (4.9)
The terms in the variation of the action (3.18) involving η are
δI =
1
4
∫
dt d2θ η
(
− i
2
∇ˆαJβ¯γ¯DZαD¯Z¯ β¯D¯Z¯ γ¯
+ 2J(α¯β¯)∂tZ¯
α¯D¯Z¯ β¯
+
1
2
eαβγJ
γ
γ¯DZαDZβDZ¯ γ¯ − 1
6
e¯α¯β¯γ¯,αf
αD¯Z¯α¯D¯Z¯ β¯D¯Z¯ γ¯
)
,
(4.10)
where ∇ˆ is the covariant derivative preserving I3, ∇ˆI3 = 0, so that the torsion
3-form for the connection ∇ˆ is given by i(∂ − ∂¯)ω3, where ω3 is the two-form
constructed from I3. The terms involving η¯ are obtained by complex conjugation.
The terms involving η must vanish separately from those involving η¯, which requires
J(αβ) = 0
e = 0
∇ˆiIrjk = 0
(4.11)
so that ∇(+) = ∇ˆ and the space is weak HKT. The same result was obtained
studying the conditions (4.3) in complex coordinates in [5]. Thus the only N = 4b
models for which the complex structures satisfy the quaternion algebra are those
with weak HKT target spaces.
14
4.3. N=4 Superspace
The one-dimensional N=4b supersymmetry multiplet can be written in N=4
superspace with coordinates {t, θ0, θr; r = 1, 2, 3} and the constraints
DrX
i = Ir
i
jD0X
j (4.12)
The supersymmetry derivatives satisfy the algebra
D20 = i
d
dt
D0Dr +DrD0 = 0
DsDr +DrDs = 2iδrs
d
dt
.
(4.13)
The action
I = −1
2
∫
dtdθ0
(
igijD0X
i d
dt
Xj +
1
3!
cijkD0X
iD0X
jD0X
k
)
(4.14)
was given in [2].
A more useful action can be given for the case in which the three complex
structures are simultaneously integrable, that is, there is a local coordinate choice
for which all three complex structures have constant components. The construc-
tion is very similar to that of [8]. Here we will discuss the special case in which the
complex structures satisfy the quaternion algebra (4.4), and will defer the general
case until section 7.3. It is convenient to use two complex fermionic superspace co-
ordinates θa, a = 1, 2, instead of four real ones, with the supercovariant derivatives
Da and their complex conjugates D¯a satisfying
{Da,Db} = 0, {Da, D¯b} = 2i∂tδab (4.15)
Choosing a coordinate system in which the complex structures satisfying (4.4) take
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the convenient form
I1 =
(
i 0
0 −i
)
⊗  , I2 =
(
0 σ2
−σ2 0
)
⊗  , I3 =
(
0 iσ2
iσ2 0
)
⊗  (4.16)
where  is the n×n identity matrix, the constraints can be written as follows. The
complex dimension must be even, and the fields Zα (α = 1, ..., 2n) split into two
sets zA, wA where A = 1, ..., n and satisfy the constraints
D¯azA = 0, D¯awA = 0
D2wA = −iD¯1z¯A, D2zA = iD¯1w¯A
(4.17)
These are a truncation of the N = 4 twisted chiral constraints of [8] (given by
restricting to negative chirality).
The general N=4 superspace action for this twisted chiral N=4b multiplet is
then
I =
1
4
∫
dt d4θ L(z, z¯, w, w¯) (4.18)
for an arbitrary function L. Integrating over θ2, θ¯2 gives an N=2 superspace action
D2D¯2L which can be rewritten using (4.17) to be of the form (3.18) with
eijk = 0 (4.19)
and metric gαβ¯ = Gαβ¯ given by
gzAz¯B = ∂wB∂w¯AL+ ∂zA∂z¯BL
gwAw¯B = ∂zB∂z¯AL+ ∂wA∂w¯BL
gzAw¯B = −∂zB∂w¯AL+ ∂zA∂w¯BL
gwAz¯B = ∂wA∂z¯BL− ∂zA∂wBL
(4.20)
giving a simple superspace derivation of the result of [5]. We have recovered the re-
sult of [5] that the geometry of any weak HKT space with simultaneously integrable
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complex structures can be given locally in terms of a potential L by (4.20). How-
ever, many HKT spaces do not have simultaneously integrable complex structures
(e.g. any non-trivial hyper-Ka¨hler space) and in those cases the geometry is not
given by an unconstrained potential in general (e.g. for hyper-Ka¨hler spaces, the
geometry is given by a Ka¨hler potential satisfying highly non-trivial constraints).
It is perhaps worth noting that the conditions (given by equation (38) of [8])
for a function L(z, z¯, w, w¯) to determine a two-dimensional off-shell (4,4) super-
symmetric sigma-model constructed from twisted chiral multiplets are precisely
the conditions that the metric gαβ¯ defined by (4.20) vanish.
Introducing the notation ZAu = {zA, wA} where u = 1, 2 so that ZA1 = zA
and ZA2 = wA, and the complex conjugate Z¯Au,
⋆
the constraints (4.17) can be
written as
D¯aZAu = 0, DaZAu = −iǫabǫuvD¯bZ¯Av (4.21)
This is the form of the constraint used in [6], where the action (4.18) was also
considered. The metric (4.20) can be rewritten as
gAuB
v =
∂2L
∂ZCw∂Z¯Cx
(
δCAδ
D
Bδ
w
uδ
v
x − δDAδCB(δvuδwx − δwuδvx)
)
(4.22)
⋆ Complex conjugation raises or lowers the indices a, b and u, v but not the real indices A,B.
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5. N=3 one-dimensional supersymmetry
5.1. Complex Structures and Supersymmetry
We now return to the relation between the argument of [5] that N=4 super-
symmetry (with (4.4)) implies weak HKT geometry and the explicit examples of
models in [2] with N ≥ 4 supersymmetry whose geometry is not weak HKT, but is
in fact a geometry with 7 complex structures that was termed OKT in [2] (see sec-
tion 7). The resolution lies in an important difference between the supersymmetric
sigma model geometries in 1 dimension [1]. In both cases, there are m complex
structures satisfying a Clifford algebra
IrIs + IsIr = −2δrs (5.1)
where r = 1, ..., m, giving the possibility of N = m+ 1 supersymmetries in D = 1
and (m + 1, 0) supersymmetry in D = 2. If the complex structures are each
covariantly constant with respect to some connection ∇ˆ (possibly with torsion)
∇ˆIr = 0 (5.2)
then the complex structures must commute with the holonomy group of this con-
nection, and if the holonomy is irreducible this implies that the complex structures
must form a division algebra, so that the only possibilities are m = 0, m = 1 and
m = 3 (the octonion algebra cannot be represented by a set of matrices). Thus in
D = 2, the only (N, 0) supersymmetries of standard type that can arise for rigid
supersymmetric sigma-models are those for N = 1, 2, 4 [7]. (Other possibilities
such as (3,0) can arise for the more general sigma-models of the type considered in
[7].) In particular, given two covariantly constant complex structures I1, I2, their
product I3 = I1I2 must also be a covariantly constant complex structure and (3,0)
supersymmetry implies (4,0). However, in D = 1 the complex structures are not
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necessarily covariantly constant, but satisfy the weaker condition
∇(+)
(i
Ikj) = 0 (5.3)
Consider the case of N = 3 models with two complex structures I1, I2 satisfying
(4.2),(4.3). The product I3 = I1I2 is an almost complex structure but in general
it will not satisfy the supersymmetry conditions (4.3), so that N = 3 does not
necessarily imply N = 4 supersymmetry [1]. However, if I3 = I1I2 is a complex
structure satisfying these constraints, then the Ir satisfy the quaternion algebra
(4.4) and the geometry must be weak HKT, as we saw in the last section. In
particular, for the N=8 supersymmetric models of [2], the 7 complex structures
satisfy a Clifford algebra but not a division algebra, so that the product of any two
complex structures is not a complex structure corresponding to a supersymmetry,
and so the OKT geometries need not be weak HKT, and none of the OKT examples
in [2] are. More generally, a target space which is not weak HKT can have N ≥ 3
supersymmetry provided that for any two complex structures I1, I2 that correspond
to supersymmetries, the product I1I2 does not lead to a supersymmetry.
In this section we will investigate N = 3b models in D = 1 further. These
are of a different type to the N = 3 models constructed in [1], which are based
on a real N = 2 supermultiplet, and require the target space structure group
to be reducible. We require two complex structures I1, I2 satisfying (4.2),(4.3).
The supersymmetry corresponding to I1 can be made manifest by using N = 2
superspace with chiral superfields and action (3.18). The extra supersymmetry
transformation corresponding to J = I2 can be written as
δZα = ηJαβ¯D¯Z¯ β¯ (5.4)
which is of the same form as (4.6), but now with the important difference that η is
the real parameter corresponding to the third supersymmetry, whereas η was the
complex parameter η = η1 + iη2 in (4.6). Moreover, J = I2 here, whereas in (4.6)
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we had J = 12(I1 − iI2). Again
Jα[β¯,γ¯] = 0 (5.5)
so that locally there is some fα such that (5.4) can be written as
δZα = ηD¯fα (5.6)
with
Jαβ¯ = ∂β¯f
α (5.7)
The conditions for invariance of the action (3.18) are
J(αβ) = 0
∇ˆα¯Jαβ = eαβγJγα¯
e¯α¯β¯γ¯,α = 0
(5.8)
These are found from requiring that the sum of (4.10) and its complex conjugate
vanish for real η. Thus there will be N = 3 supersymmetry for any hermitian
manifold with (3,0) form e = ∂B and an extra complex structure J provided the
conditions (5.8) are satisfied. We will now construct a large class of N = 3 models
satisfying these constraints and which are not N = 4 supersymmetric.
5.2. N=3 Superspace Construction
In the special case in which the two complex structures I1, I2 are simultaneously
integrable, we can use a superspace formulation similar to that used in section 4.3.
The supercovariant derivatives can be taken to be D, D¯, D˜ with D˜ real, satisfying
{D,D} = 0, {D, D¯} = 2i∂t,
{D˜,D} = 0, D˜2 = i∂t
(5.9)
As in section 4.3, we take the complex dimension of the target space to be be even,
and the fields Zα (α = 1, ..., 2n) split into two sets zA, wA where A = 1, ..., n. If
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the complex structures are taken to be of the form
I1 =
(
i 0
0 −i
)
⊗  , I2 =
(
0 iσ2
iσ2 0
)
⊗  (5.10)
where  is the n× n identity matrix, then the constraints are
D¯zA = 0, D¯wA = 0
D˜wA = − 1√
2
D¯z¯A, D˜zA = 1√
2
D¯w¯A (5.11)
which can be rewritten in terms of ZAu = {zA, wA} where u = 1, 2, ZA1 = zA and
ZA2 = wA, as
D¯aZAu = 0, D˜ZAu = 1√
2
ǫuvD¯Z¯Av (5.12)
The general action can be written in terms of an unconstrained 1-form potential
ki(X) = (kAu, k¯A
u) as
I = −1
2
∫
dt d3θ
(
kAuDZAu + k¯AuD¯Z¯Au
)
(5.13)
Note that a term of the form hAuD˜Z
Au could be rewritten using the constraint
(5.12) to be proportional to D¯Z¯ instead of D˜Z, and so can be absorbed into the k¯
term in (5.13).
Integrating over the third θ gives an N = 2 superspace action of the form
(3.18) with
gAuB
v =
1√
2
(
ǫwv
[
∂kBw
∂ZAu
− ∂kAu
∂ZBw
]
+ ǫwu
[
∂k¯B
v
∂Z¯Aw
− ∂k¯A
w
∂Z¯Bv
])
(5.14)
and
BAuBv =
1√
2
[
ǫwu
∂kBv
∂Z¯Aw
− ǫwv ∂kAu
∂Z¯Bw
]
(5.15)
This gives the general construction of N = 3 models with two simultaneously
integrable complex structures in terms of a single potential k, and in the general
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case with B 6= 0 the complex structures will not be covariantly constant but the
weaker conditions (5.8) will be satisfied. If B = 0, then the complex structures are
covariantly constant and their product will be a third covariantly constant complex
structure and the space will be weak HKT, with N=4 supersymmetry.
6. One-dimensional supersymmetry for general N
6.1. Clifford Structures and Supersymmetry
In this section we will consider sigma models with N supersymmetries for
any N , so that the N = 1 model (2.1) is invariant under an additional N − 1
supersymmetry transformations
δX i = ηaIa
i
jDX
j (6.1)
where {ηa; a = 1, . . . , N − 1} are the supersymmetry parameters. The conditions
required by the closure of the supersymmetry algebra are
IaIb + IbIa = −2δab (6.2)
and
N(Ia, Ib) = 0 (6.3)
and the conditions required by the invariance of the action are
gkℓIa
k
iIa
ℓ
j = gij
∇(+)
(i
Ia
k
j) = 0
ιadc− 2
3
dιac = 0 ,
(6.4)
where ιa denotes inner derivation with respect to Ia. We shall call a set of m
complex structures satisfying (6.3) a Clifford Structure, and call a Riemannian
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manifold {M, g, c} equipped with metric g, antisymmetric tensor c, and complex
structures {Ia} that obey the compatibility conditions (6.3) and (6.4) a Clifford
Ka¨hler with Torsion manifold, or CKT for short. The name Octonionic Ka¨hler
with Torsion (OKT) was suggested in [2] for the special case in which m = 7.
The more general case in which the first condition in (6.2) is satisfied but
(6.3) is not, so that the Ir are almost complex structures, will lead to an enlarged
supersymmetry algebra of the form (1.3). We will refer to geometries satisfying
(6.2),(6.4) but not (6.3) as Almost Clifford Ka¨hler with Torsionmanifold, or ACKT
for short. This constitutes a generalisation of the almost Tachibana spaces that
arose in section 3.2.
More generally, if neither (6.2) nor (6.3) is satisfied but (6.4) holds, then the
superalgebra is of the form (1.4) with X00 = H,X0r = 0, but Xrs generates the
bosonic symmetry
δX i = ρ
(
2i(Rrs)
i
j∂tX
i +N (Ir, Is)ijkDXjDXk
)
(6.5)
where
Rrs =
1
2
{Ir, Is} (6.6)
We will restrict ourselves to the CKT case in what follows.
Which values of N can arise? In [2], models with N = 0, 1, 2, 4, 8 were con-
structed, and in section 5 models with N = 3 were found. Supersymmetry trans-
formations of the form (6.1) satisfying (6.2) can be found for any N . For example,
consider the case in which all complex structures are constant matrices in some
coordinate system. Then the complex structures satisfy a Clifford algebra and can
be realised as gamma matrices, which must be real. If the target space dimension
is D = 2d/2, then the condition (6.3) is satisfied by d+1 complex gamma matrices
(γa)
i
j satisfying the Clifford algebra corresponding to O(d+1). If m is the number
of these that can be chosen to be simultaneously real, then these can be used to
construct a realisation of N = m + 1 extended supersymmetry. For example, for
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D = 2 there are 3 complex gamma matrices satisfying (6.2), which can be taken
to be γa = iσa for a = 1, 2, 3, but of these only iσ2 is real, so that m = 1 and
only N = 2 supersymmetry is possible. For D = 2, m = 1, for D = 4, m = 3,
for D = 8, m = 7 and it is clear that m can be made arbitrarily large by taking
D large enough. There are manifolds admitting Clifford structures for arbitrarily
large values of m.
Supersymmetry with any N can be realised on flat space with c = 0 and
gij = δij . For given D, there are m real gamma matrices, and the transformation
corresponding to a given one will preserve the free action provided (6.4) are satisfied
with c = 0 and gij = δij , which will be the case if the corresponding gamma
matrix is anti-symmetric. For general geometries and general Clifford structure,
the conditions become more and more restrictive the higher the value of N . There
are non-trivial examples for N = 8 [2], but it seems likely that for high enough N
the geometry will be required to be trivial. The N = 16 models considered in [2]
that arise for black hole moduli spaces have flat target spaces.
Given m = N − 1 almost complex structures satisfying (6.2), the products
Irs ≡ IrIs = 1
2
[Ir, Is] = −Isr (6.7)
are also almost complex structures, and further tensors can be formed by taking
anti-symmetrised products:
Irs...t ≡ IrIs...It = I[rs...t] (6.8)
The tensors Ir1...rn (with n ≤ m) are almost complex structures (I2 = − ) for
n = 4k + 1, 4k + 2 and are almost real structures or almost product structures
(I2 =  ) for n = 4k, 4k + 3, where k = 1, 2, 3, .... These generate the enveloping
algebra of the Clifford algebra. Note that the set of all almost complex complex
structures constructed in this way do not satisfy a Clifford algebra in general; for
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example,
[Ir, Ist] = 2Isδrt − 2Itδrs (6.9)
Consider the case of m = 3. There are three almost complex structures I, J,K
say, which anti-commute with each other and which each squares to − . If IJ = K,
then they satisfy the quaternion algebra (4.4). If not, then we can define the
products
K˜ = IJ, I˜ = JK, J˜ = KI (6.10)
each of which is an almost complex structure. Moreover,
[I, I˜] = 0, [J, J˜ ] = 0, [K, K˜] = 0 (6.11)
and there are several subalgebras which are isomorphic to the quaternion algebra
(4.4), such as those generated by (I, J, K˜) or (I˜ , J˜ , K˜). The I˜ will play a role in
the following section.
In the case in which there are n complex structures which are simultaneously
integrable, i.e. that can be simultaneously taken to be constant matrices in a
suitable coordinate system, then for n = 1, we have seen that the geometry is
determined by a 2-form potential, for n = 2 it is determined by a 1-form potential,
and that for the special case of n = 3 in which the complex structures satisfy a
quaternion algebra, by a 0-form potential. In the next section, we will generalise
this and show that for the general case of n = 3 the geometry is again determined
by a 0-form potential, and for higher n ≥ 3 it is given by a 0-form potential
satisfying certain differential constraints.
In [5], the conditions for sigma-models with N supersymmetries to have super-
conformal supersymmetry were found for N = 1 and N = 2, and for N = 4 sigma-
models with complex structures satifying the SU(2) algebra (4.4). These generalise
to give the corresponding conditions for any N , for an N -supersymmetric sigma-
model to be invariant under the superconformal group OSp(N/1). The analysis is
similar to that in [5] and will be given elsewhere.
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An extended superspace form of the sigma-model for general N can be given,
following [2]. Let X be a map from the superspace with coordinates {t; θ0, θr, r =
1, . . . , N − 1} into a CKT manifold M. Then we impose the constraints
DrX
i = Ir
i
jD0X
j (6.12)
where {D0, Dr; r = 1, . . . , N − 1} are the supersymmetry derivatives satisfying
D20 = i
d
dt
D0Dr +DrD0 = 0
DsDr +DrDs = 2iδrs
d
dt
.
(6.13)
These constraints are consistent provided (6.2),(6.3) are satisfied. An action for
this multiplet is
I = −1
2
∫
dtdθ0
(
igijD0X
i d
dt
Xj +
1
3!
cijkD0X
iD0X
jD0X
k
)
. (6.14)
and will be independent of θa and hence fully supersymmetric provided (6.4) are
satisfied.
6.2. N=2 Superspace Formulation
The models with N ≥ 2 supersymmetry can be written in N = 2 superspace
with action (3.18). It will prove useful to rewrite the action using the chiral con-
straint DZ = 2DZ as
I =
1
4
∫
dt d2θΩijDX
iDXj (6.15)
where the antisymmetric tensor Ωij has components
Ωαβ = Bαβ, Ωα¯β¯ = B¯α¯β¯, Ωαβ¯ = −Ωβ¯α = igαβ¯ (6.16)
so that the two-form Ω = 12ΩijdX
i ∧ dXj is given by
Ω = ω +B + B¯ (6.17)
where B = 12BαβdZ
α ∧ dZjβ. Thus the geometry is specified by the choice of
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an arbitrary real 2-form Ω potential, so that the model is defined by a complex
manifold with a 2-form, i.e. by the triple (M, I,Ω). The metric is defined by the
(1,1) part of Ω and B by the (2,0) part, and Ω is defined up to the transformations
(3.20)
Ω→ Ω + ∂λ + ∂¯λ¯ (6.18)
where λ is an arbitrary (1,0) form.
The action (6.15) can be expanded into N = 1 superspace to give
I =
1
4
∫
dt dθ
(
3ΩijkDX
iDXjDˆXk − 2iΩijDˆX i∂tXj
)
(6.19)
where Ωijk ≡ Ω[ij,k],
Dˆ ≡ 1
2i
(D − D¯) (6.20)
and the chiral constraint implies
DˆX i = I ijDX
j (6.21)
Using the notation of [23] that for any tensor Tij...kl,
Tij...klˆ = Tij...kmI
m
l (6.22)
the action (6.19) can be rewritten as
I =
1
4
∫
dt dθ
(
3ΩijkˆDX
iDXjDXk − 2iΩiˆjDX i∂tXj
)
(6.23)
The fact that, for any tensor σij ,
∫
dt dθ σijDX
i∂tX
j =
∫
dt dθ
(
σ(ij)DX
i∂tX
j − i
2
σ[ij,k]DX
iDXjDXk
)
(6.24)
27
can be used with σij = Ωiˆj to rewrite the action (6.23) as
I =
1
4
∫
dt dθ
(
[3Ωijkˆ − Ωiˆj,k]DX iDXjDXk − 2iΩ(ˆij)DX i∂tXj
)
(6.25)
so that, comparing with (2.1), we have
gij = Ω(ˆij) = Ωk(iI
k
j)
cijk =− 3[3Ωijkˆ − Ωiˆj,k] = −3[I l[iΩjk]l + 3∂[k(I liΩj]l]
(6.26)
In form notation, c is
c = −ιIdΩ + 1
2
dιIΩ (6.27)
Finally, note that for N > 2 supersymmetry with N −1 complex structures Ir,
one can choose any one of them and work in the corresponding N = 2 superspace,
giving a 2-form Ωr for that complex structure, and in this way one can construct
N − 1 2-forms Ωrij .
7. Integrable Complex Structures and Extended Superspace
7.1. Complex Structures and Clifford Algebras
In this section we will examine the case in which there are m simultane-
ously integrable complex structures Ia, each of which satisfies the conditions
(6.2),(6.3),(6.4) for N = m + 1 supersymmetry. In such a case, there is a co-
ordinate choice in which the Ia are all real constant matrices satisfying the Clifford
algebra (6.2), and the superspace constraints become of the conventional kind.
The superspace action then leads to a simplification of the geometry (for example,
for N = 4 supersymmetry, the metric and torsion are given in terms of a scalar
potential L).
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Real D × D matrices satisfying (6.2) can be constructed from the basic real
2× 2 matrices σ1, σ3, ǫ = iσ2. For D = 2, the only real matrix satisfying (6.2) is ǫ,
for D = 4 a set of three matrices Ir (r = 1, 2, 3) satisfying (6.2) is given by
ǫ⊗  , σ1 ⊗ ǫ, σ3 ⊗ ǫ (7.1)
and these in fact satisfy the quaternion algebra (4.4). An alternative set I˜r is given
by
 ⊗ ǫ, ǫ⊗ σ1, ǫ⊗ σ3 (7.2)
and these two sets commute: [Ir, I˜s] = 0. For D = 8, a set of 7 matrices satisfying
(6.2) can be constructed from the Ir, I˜r:
ǫ⊗  , σ1 ⊗ Ir, σ3 ⊗ I˜s (7.3)
More generally, if for some D there are two commuting sets of Clifford structures
Ir, I˜r, r = 1, .., m for some m, a Clifford structure for dimension 2D (i.e. with
2D × 2D matrices) is given by the 2m+ 1 matrices (7.3).
7.2. N=3 Supersymmetry
In this case there are simultaneously integrable complex structures I, J and
the superspace constraints are
D1X
i = I ijDX
j, D2X
i = J ijDX
j (7.4)
withD = D0. The product K˜ ≡ IJ is also a complex structure (as IJ = −JI), and
I, J, K˜ satisfy the algebra of unit imaginary quaternions and are simultaneously
integrable. In general K˜ will not satisfy the conditions (6.4) so that the action will
be invariant under the supersymmetry transformations corresponding to I and J
but not K˜.
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The general form of the N = 3 action (with simultaneously integrable complex
structures) is given in terms of in terms of an arbitrary 1-form potential k by (5.13),
which can be rewritten as
I =
1
4
∫
dt dθ0dθ1dθ2 kiDX
i (7.5)
using the constraints (7.4). Performing the θ2 integral gives the N = 2 superspace
action
I =
1
2
∫
dt dθ0dθ1 k[j,k]J
k
iDX
iDXj (7.6)
so comparing with (6.15) gives
Ωij = J
k
[ikj]k (7.7)
where kij = 2k[i,j], or
Ω = 2ιJdk (7.8)
The metric and torsion are then given by (6.26), so that
gij = kk(iK˜
k
j) + I
k
(iJ
l
j)kkl (7.9)
The condition for the complex structure K˜ to give a fourth supersymmetry is that
dιK˜k = 0 (7.10)
so that locally there is a scalar L such that
ki = K˜
j
i∂jL (7.11)
as will be seen in the next section.
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7.3. N=4 Supersymmetry
In this case there are simultaneously integrable complex structures I, J,K and
the superspace constraints are
D1X
i = I ijDX
j , D2X
i = J ijDX
j, D3X
i = KijDX
j (7.12)
The case in which IJ = K and I, J,K satisfy the algebra of unit imaginary quater-
nions has been analysed in section 4.3. Here we will not assume this, so that in
general there are three additional complex structures defined by the products
K˜ = IJ, I˜ = JK, J˜ = KI (7.13)
and there is a real structure (R2 =  )
R = IJK (7.14)
If the complex structures satisfy (4.4), the dimension is D = 4n for some n and the
complex structures can be taken to be Ir ×  n where Ir are the 4× 4 real matrices
(7.1) and  n is the n× n identity matrix. If the complex structures do not satisfy
(4.4), the dimension is D = 8n for some n and the complex structures can be taken
to be
ǫ⊗  ⊗  , σ1 ⊗ ǫ⊗  , σ3 ⊗  ⊗ ǫ (7.15)
In the coordinate system in which the complex structures are all constant, the
general form of the N = 4 superspace action is
I =
1
4
∫
dt dθ0dθ1dθ2dθ3 L(X) (7.16)
for some potential L. Performing the θ3 integral gives the N = 3 superspace action
I =
1
4
∫
dt dθ0dθ1dθ2 L,j K
j
iDX
i (7.17)
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which is of the same form as (7.5), with the 1-form potential given by
ki = L,j K
j
i (7.18)
or
k = ιKdL (7.19)
so that the geometry 2-form is given by
Ω = 2ιJd(ιKdL) (7.20)
Then the metric and torsion are given by (6.26). Defining
P ijkl = I˜
i
kI
j
l + J˜
i
kJ
j
l + K˜
i
kK
j
l (7.21)
this gives
gjk =
1
2
L,ml P
ml
(kj) −
1
2
Rl(j∂k)∂lL (7.22)
and
I[j
iBk]i =
1
2
L,ml P
ml
[kj] −
1
2
Rl[j∂k]∂lL (7.23)
In the special case of a quaternionic structure with I = I˜ , J = J˜ , K = K˜ and
R = − , then the space is weak HKT, B = 0 and the expression for the metric is
given by
gkl =
1
2
(
L,kl +[I
i
kI
j
l + J
i
kJ
j
l +K
i
kK
j
l]L,ij
)
(7.24)
as in [5], and agreeing with the results of section 4.3.
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7.4. N>4 Supersymmetry
For any model with N ≥ 4 supersymmetry and simultaneously integrable com-
plex structures, the action can be written in the N = 4 superspace corresponding
to any three complex structures in terms of a scalar potential (with different po-
tentials for different sets of three). If any three of the complex structures satisfy
the quaternion algebra (4.4), then the geometry must be weak HKT and there can
be no more than 4 supersymmetries unless the holonomy of the connection Γ(+) is
trivial. For N > 4, the action can be written in full extended superspace in a same
way similar to that used in [8], giving an explicit expression for the potential L
as a multiple contour integral. Alternatively, the conditions for the N = 4 action
to have further supersymmetries leads to differential constraints on L (similar to
those in [8], the general solution of which is given by the multiple contour integral
expression. Details will be given elsewhere.
Acknowledgements: I would like to thank George Papadopoulos for helpful discus-
sions.
APPENDIX
For any N = 2 superspace action of the form
I =
∫
dt dθ1dθ2 L (A.1)
the θ2 integral gives
I =
∫
dt dθ
1
2i
(D − D¯)L (A.2)
(Recall that D = D0 + iD1 and D = D1.) For
L = iGαβ¯DZαD¯Z¯ β¯ (A.3)
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this gives
1
2i
(D − D¯)L = −2iGαβ¯(DZα∂tZ¯ β¯ + ∂tZαDZ¯ β¯)
− 4Gαβ¯,γDZαDZγDZ¯ β¯ − 4Gα¯β,γ¯DZ¯α¯DZ¯ γ¯DZβ
(A.4)
where the chiral constraint DZ = 2DZ has been used. For
L =
1
2
BαβDZαDZβ (A.5)
it is useful to write
(D − D¯)L = 2DL− 2DL (A.6)
to obtain
1
2i
(D − D¯)L = −4iB[αβ,γ]DZαDZβDZγ + iDL (A.7)
and the term iDL is a surface term in the superspace action, which can be dis-
carded.
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